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Abstract In this Letter the issue of impulsive synchronization of the Lii chaotic system is
developed. We propose an impulsive synchronization scheme of the Lii chaotic system in-
cluding chaotic systems. Some new and sufficient conditions on varying impulsive distance
are established in order to guarantee the synchronizability of the systems using the syn-
chronization method. In particular, some simple conditions are derived in synchronizing the
systems by equal impulsive distances. The proposed impulsive synchronization scheme is
applied to the Lii chaotic system and the numerical example demonstrates the effectiveness
of the method. The boundaries of the stable regions are also estimated.
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1 Introduction

The phenomenon on chaos synchronization was first revealed by Pecora and Carroll [1].
Since then, a wide variety of approaches have been proposed for synchronization of
chaotic systems, which include drive-response control [1], coupling control [2, 3], feed-
back control [4-8], adaptive control [9, 10], fuzzy control [11], observer-based control [12],
manifold-based method [13, 14], and impulsive control [15-19]. Feedback controller is easy
to design, but the controller cannot adapt to the cases with unknown parameters. Adaptive
synchronization is useful for synchronization of two parameter-mismatched systems. On
the contrary, impulsive controller seems to have a simple structure, and the controller is dis-
continuous which can be useful for digital communication systems. The research works on
impulsive synchronization of [15-17] are based on the theory of comparison systems. But it
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is difficult to estimate the interval of the impulsive control for some systems using this the-
ory. The impulsive synchronization of Chua’s oscillator and a hyperchaotic circuit has been
studied in [18]. Their experimental results show that the accuracy of impulsively controlled
synchronization depends on both the period and the width of the impulse. Furthermore,
the robustness of impulsive synchronization to additive noise is also experimentally stud-
ied in [18]. Itoh et al. have also given a sufficient condition for impulsive synchronization
of continuous systems under the assumption that the synchronization errors are sufficiently
small, but this result does not hold for chaotic systems with strong nonlinearities [19].

The impulsive synchronization method is also suitable to deal with systems which cannot
endure continuous disturbance. Using this method the slave system receives the information
from the master system only in discrete times and the amount of conveyed information
is, therefore, decreased. However, this is suitable in practice because of reduced control
cost. In this Letter synchronization of the Lii chaotic system via small impulsive signal is
investigated. Here, some new and less conservative criteria are proposed to synchronize the
systems with varying impulse distances. Particularly, a simple and sufficient condition is
derived to achieve the synchronization based on equal impulse distance. The boundaries of
the stable regions are also determined. A numerical example is presented to illustrate the
feasibility and effectiveness of the method.

2 Theory of Impulsive Synchronization

In the impulsive synchronization, the master system is described by the following relation:

X =f(t,x) ey

f Ry x R" — R" is a continuous function with respect to its arguments and x € R" repre-
sents the state variables. The slave system is characterized by

y=f@ty), t#t,
Ay=y@t") =yt )=y — y(t;) = Bie, t=t, )
Yyt =y, i=1,2,3,....

f is the same function as above, y € R" is left continuous at ¢ = t;, B; are n X n matrices,
ande=[e,es,...,e,]  =[y1 — X1, 2 — X2, ..., y» — X,,]7. Define a discrete instant set {t;}
that satisfies t; <t, <--- <t; <t;y; <---, t; = 00 as i — 00. 1; is the discrete instant that
master signal is transmitted to the slave system. The states of the slave system are changed at
these instants in accordance to the synchronization errors. Subtracting (2) from (1), one gets
the following results for synchronization error dynamics. Since states of the master system
are continuous in time. Ax will be zero at time instants

ézf(tvy)_f(tvx)’ t?éliv

Ae = Bie, t=1,;. )

The goal is to find some conditions on the control gains, B; and the impulsive distances
T =ty —t <oo (i=1,2,3,...) such that the slave system (2) is synchronized asymp-
totically with the master system (1) for any initial condition.
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3 The Impulsive Synchronization of the Lii Chaotic System

Here we investigate the impulsive synchronization of the Lii chaotic system [20]. The system
is described as follows:

Xy =a(x; —xy),
Xy = —X1X3 + cx2, )
)33 =X1Xp — bX3.

The Lii chaotic system shows chaotic behavior as shown in [14] when a = 36, b = 3,
and 12.7 < ¢ < 17.0, 18.0 < ¢ <22.0,23.0 <c <28.5,28.6 <c <29.0,29.2334 <¢c <
29.345.

First we decompose the system dynamics to its linear and nonlinear parts. Thus (4) is
rewritten as

X =Ax+¢(x), (&)

where ¢ (x) represents the nonlinear part of the dynamics,

—a a 0 0
A:[O c Oi|, ¢(x):|:—x|x3].
0 0 —b X1X2

Therefore, the error dynamics in (3) can be written as

é=Ae+Y(x,y), t#¢
Ae:B,-e, t=t,

(6)
in which

0
lﬂ(x,y)=¢(y)—¢(X)=[—y1y3 +x1xa} @)

Yiy2 — X1X2

and #; are the instants that the impulsive controls are implemented.

Remark 1 To reach a stable equilibrium of (6) Ae should be zero, i.e., e(t,-+) =e(t;). Since
B; is full rank in general then to reach e(t;“) =e(t]) or Ae =0, origin e = 0 is the unique
choice. In other words, the origin is the unique equilibrium of system (6).

Regardless of their initial conditions, chaotic systems have bounded states so that one can
find a positive number M such that |x;(¢)| < M and |y;(¢)| < M for any initial conditions.
This fact is used in proof of the following theorem.

Theorem Let B; and A(c) be the largest eigenvalues of (I + B;)"(I + B;), i =1,2,3,...,
and 0.5(A + AT), respectively. If there exists a constant & > 1 such that
In(EB;) +2(A(c) + M)w; <0, i=1,2,3,..., (3)

then the slave system (2) will be globally asymptotically synchronous with the master sys-
tem (1).
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Proof Let the candidate Lyapunov function be in the form of
V(e)=0.5¢"e. ©)
The time derivative along the trajectory (7) is
Vie) =0.5"e+¢"é)

=0.5(Ae + ¥ (x, y) e +0.5¢T(Ae + ¥ (x, y))

=0.5¢T(AT 4+ A)e — eerys +eesy;

<2x(c)V(e(®)) + M(lerea] + leres])

<2((c) + M)V (e(t)), (10)

te(ti_y,t] fori=1,2,3,....
This implies that V(e(t)) < V(e(t;}t))e**OFMEti-0 't € (1;_;, 4] for i = 1,2,....
Now from (6)

V(e@t}")) = 0.5[(I + B)e()]" (I + Bi)e(t:)
=0.5¢" () + B)'(I + By)le(r;)
< 0.58€" (t)e(t;) = BV (e(1)). (an

When i = 1 in inequality (11), then for any 7 € (ty, t;], V (e(t)) < V (e(ty ))e* > +M=10),
This leads to V (e(t1)) < V (e(ty)) e+ =10 - Also from (11) we have

V(e(t)) < iV (e(t)) < BV (e(ty))e? OO0, (12)
In the same way for ¢ € (¢, ;] we have
V() < V(e(t;)e*™OTMI1) < gy (e(ty ))e2HHMNE10) (13)
In general for any ¢ € (#;, t; 1] one finds that
V(e() < Bifa--- BiV (e(ty))e?HOH00), (14)
From the assumption given in the theorem we have
EBP*OTMT <1 =12, .... (15)
Thus forr € (t;,t;41],i = 1,2, ..., we have
V() < Bifr--- BV (e(t )OI
= V(e(t}))[Br12* O] [, 2HO+MT 1 20 +M)a—1)

1
< V(e(t;))562(?»((?)+M)(T—Ti)_ (16)

This implies that the origin in system (6) is globally asymptotically stable or the slave system
is synchronized with the master system asymptotically for any initial conditions. By this we
conclude proof of the theorem. U

To be convenient the gain matrices B; and the impulsive distances t; can be chosen
constant. Thus we have the following corollary.
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Corollary Suppose t; =t > 0 and gain matrices B =B (i = 1,2,...). If there exists a
constant & > 1 such that

In(¢p) +2(A(c) + M)t <0 a7

then the slave system (2) is globally asymptotically synchronous with the master system (1).

4 Numerical Simulations

In order to demonstrate and verify the performance of the proposed method, two numerical
simulations are presented in this section. The Lii chaotic system is given in (4) where a, b
and c are the real constants. Typical phase portraits of this system are shown as Fig. 1. For
simulation purpose we choose a = 36, b =3, ¢ = 13.0, it is a forced dissipative system with
bounded states (M < 25) as t — oo, then

-36 18 0
O.S(AT+A)=[ 18 13 0 } (18)
0 0 -3

Thus, A(13.0) = 18.9015. And suppose B; be a constant matrix

kK 0 0
|:O k 0:|,
0 0 k

20 T T T T T T T T T

0 20 40 60 860 100 120 140 160 180 200
20 T T T T T T T T T

_20 1 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180 200

T T f T T T T

20
~ 10K

1 1 1 1 1 1 1

0 10 20 30 40 50 60 70 860 90 100

Fig. 1 Chaotic behavior obtained by integrating numerically the system (4). The parameter values are
a =36, b =23, c =13, initial conditions are 0.5, 1, 0.5
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Fig. 2 Time response of the synchronization error system with k = —1.2,& =3, and  =0.01

it is evident that 8 = (1 + k)2. From (17), the estimation of bounds of stable regions are
given by

Ing +In(k + 1)?

0<t< (19)
87.8030
Figures 2 and 3 show the time response curves of synchronization error systems. For
example if k = —1.2, £ =3, then 0 < v < 0.0241. The numerical simulation results for this
case are shown in Fig. 2. In the second simulation we choose the gain matrix B; = B a
diagonal matrix as follows:
-1 0 0
B:|:0 -12 0 :| (20)
0 0 —0.6

For this section we have 8 = 0.16. For £ = 1.16, and t = 0.01, thus condition given in (18)
is satisfied. Figure 3 shows results of the computer simulation in this case. In simulations, we
choose the parameters of system (4) as a = 36, b = 3, ¢ = 13.0. A fourth-order Runge-Kutta
method with step size 107> is used. The initial conditions for driving and driven systems are
given by x(0) = (0.1,0.1,0.2)T and X(0) = (—0.3, —0.5, 0.6)T, respectively.

Remark 2 We can see that the stable regions in this paper are simpler and bigger than in
Theorem 4 in [21].

5 Conclusion

In this paper, we have investigated the issue on the synchronization of Lii systems via an im-
pulsive method. Some simple conditions are obtained in synchronizing the systems by equal
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Fig. 3 Time response of the synchronization error system with 8 =0.16,& = 1.16, and t = 0.01

impulsive distances to guarantee the impulsive synchronization globally asymptotically syn-
chronous. An illustrative example has shown satisfying synchronization performance.
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